We study backaction effects of phonon heating due to tunneling electrons on the current noise in atomic-sized junctions. Deriving a generalized kinetic approximation within the extended Keldysh Green's functions technique, we demonstrate the existence of a characteristic backaction contribution to the noise in case of low external phonon damping. We provide a physically intuitive interpretation of this contribution at large voltage in terms of slow fluctuations of the phonon occupation, and show that it generally gives a significant correction to the noise above the phonon emission threshold.
Introduction. Inelastic transport spectroscopy is an important tool of investigation for a wide range of phenomena in nanojunctions, ranging from vibrations in atomic wires 1 to magnetic excitations of aggregates on surfaces.
2 Inelastic studies provide both direct information on the non-electronic degrees of freedom, such as vibrations and/or spin excitations and, indirectly, additional knowledge of the electronic subsystem. Nowadays, experimental interest is not only limited to the mean current but it also extends to the current noise, 3 which provides further information on the transport properties of the junction, such as the number and transparency of the transmission eigenchannels. 4 Inelastic effects on the current noise are also presently under experimental investigation, 5 accompanied by an intense theoretical activity.
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Since the electron-phonon (e-ph) interaction is often very weak, a perturbative approach to the lowest-order in e-ph coupling is usually appropriate for evaluating both the current [12] [13] [14] and noise, 7-9,11 enabling semianalytical treatments that can be combined with ab initio calculations. 11, 15 There is, however, a tricky aspect of the problem, related to the heating of the vibrational mode(s) due to tunneling electrons, whose experimental signature is the voltage dependence of the conductance above the phonon emission threshold. 16 Accounting for this effect pushes the theory well beyond the plain lowest order perturbation expansion.
Nonequilibrium phonon heating has been taken into account either phenomenologically in terms of a rate equation for the phonon occupation, 16, 17 or microscopically by infinite resummation of the electron-hole polarization bubble. 13, 18 As far as only the current is concerned, the two approaches yield essentially identical results in the limit of weak e-ph coupling. However, they differ significantly in the case of the current noise, 10 due to the feedback of the phonon dynamics on the statistics of the transmitted electrons, which is not captured by the phenomenological rate equation approach. According to Ref. 10 , this feedback results in a cubic increase of the noise as a function of voltage at large bias, S ∼ V 3 . However, this prediction contradicts a preliminary unpublished work by Jouravlev supervised by Nazarov
A clear physical interpretation of the results was not offered in either case.
Thus, despite its relevance for several systems of experimental interest, 1, 12, 20 the effect of phonon heating on the current noise still remains an open problem. In this work, we develop a consistent microscopic theory to address this issue. We derive an analytic kinetic-like expression for the phonon Green's function (GF), which encodes the effects of electronic fluctuations and allows one to take into account the backaction of nonequilibrium phonons on all current cumulants. Focusing on the current noise, we demonstrate that current-driven fluctuations of the phonon occupation lead to a distinct correction to the noise related to the variance of the phonon occupation. We provide an intuitive physical interpretation of this correction, which at large voltage agrees qualitatively with the asymptotic result of Ref. 19 , i.e., S ∼ V 4 , and show that it generally leads to a significant increase of the noise above the phonon emission threshold in case of negligible phonon damping. Our predictions are relevant for currently ongoing experiments. Model & methods. We consider the generic AndersonHolstein type of Hamiltonian for inelastic transport through a nanojunctionĤ =Ĥ C +Ĥ L,R +Ĥ T with the central partĤ
α,kd i + h.c.) to the central part ("dot"). The states of the leads are occupied according to the Fermi distribution f α (ε) = (e β(ε−µα) + 1) −1 , with β = 1/k B T and µ α being the chemical potential of lead α. The applied bias voltage is µ L − µ R = eV . We consider here only a single vibronic mode ("phonon") with energy Ω -other phonon modes simply contribute additively to the noise correction calculated below unless the phonon resonances overlap, in which case a matrix generalization of our approach would be needed.
To evaluate the noise, we employ the generalized Keldysh GF technique. 21, 22 The key idea is to determine the GF of the dot
in the presence of a counting field λ, introduced as a time-dependent fictitious parameter in one of the tunneling matrix elements,
, with λ(t) = ±λ ∈ R on the forward (labeled by '−')/backward ('+') branch of the Keldysh contour. 23 Knowing G ij λ , the current and the noise (and in principle all the other current cumulants) can be directly evaluated as described in detail in Refs. 11 and 21. In previous studies, [7] [8] [9] 11 coupling to an external heat bath bringing phonons to equilibrium has been implicitly assumed. Here, we focus instead on the limit of no external phonon damping, where all the thermalization comes exclusively from the electronic degrees of freedom and strong nonequilibrium phonon heating effects are expected.
Generalized kinetic approximation. To rigorously address the problem of nonequilibrium phonon heating, and its consequences for the transport properties of the junction, one needs to include the influence of the electrons on the phonons by dressing the phononic GF with the polarization operatorΠ λ . To the lowest order in e-ph coupling, this is given by the polarization bubble 10,13,18
with g σρ λ (σ, ρ = ∓) being the Keldysh components of the dot's GF in the presence of the leads and of the counting field, but without e-ph coupling:
Here, the signˇstands for 2 × 2 matrices in Keldysh space and boldface letters indicate matrices in the dot electronic space indexed by the single-particle labels i and j, e.g.,
) being the broadening due to coupling to lead α. Note thatΠ λ is explicitly λ-dependent and so is consequently the dressed phonon GFĎ λ given by the Dyson equation:
with
In the limit of weak e-ph coupling 1/D λ (ε) shows two resonances around ε ∼ ±Ω. Close to these resonances,
2 . Neglecting the small real frequency shift ∆ λ (ε) and approximating in the distributional sense
, where P stands for the principal value and δ(x) is the Dirac δ-function, we arrive at the kinetic-limit expression -i.e., with zero phonon line-width -for the dressed phonon GF to the lowest (zeroth) order in e-ph coupling M:
wherě
T , is the λ-dependent generalized phonon occupation. At λ = 0, it reduces toŇ λ=0 (ε) =
, is the nonequilibrium phonon occupation number, in agreement with Ref. 13 . In the kinetic limit,N ≡N (Ω) coincides with the phenomenological results of Refs. 12 and 15. It can be shown analytically that approximation (4) preserves charge conservation for all cumulants to the lowest (second) order in the e-ph coupling.
Correction to noise due to nonequilibrium phonons. The effects of phonon heating on the current noise S can be evaluated within the formalism of Ref.
11 , by replacing the free-phonon GF considered there with the dressed one, Eq. (4). Doing so, we can split the correction to the noise at the lowest order in the e-ph coupling in two parts S eph = S av + S ba . Here, S av is the contribution due to coupling to a phonon with fixed average occupation, and it is simply given by the result of Ref. 11 with the thermal phonon occupation replaced by the nonequilibrium one, n B (Ω) →N . In case of a single-level junction, it corresponds to the phenomenological result of Ref. 9 . The additional term S ba represents the backaction of current-driven nonequilibrium fluctuations of the phononic occupation on the current noise itself and it reads
After some algebra, S ba can be rewritten as
with Π
. This expression is valid for an arbitrary junction with weak e-ph coupling and represents one of the main results of this paper.
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Further progress can be made within the extended wide-band approximation (eWBA), 11, 12 where an explicit expression for S ba as a function of voltage and temperature can be derived. The full multilevel result is given in the supplemental material, 25 while here we discuss for simplicity only the paradigmatic case of a single-level junction symmetrically coupled to leads at T = 0. 7, 9 In this case we obtain the following constituents of Eq. Analysis and discussion. We note first that S ba is a strictly nonequilibrium correction, i.e., it is zero at V = 0. This is consistent with the fluctuation-dissipation theorem, since there is no correction related to current-driven phonon fluctuations in the linear conductance. In the opposite limit of large bias voltage, S ba is dominated by the term proportional toN (N + 1). Indeed this contribution grows like V 4 and V 3 for eV > Ω, while the remaining terms of Eq. (7), as well as the "static" term S av , 9 increase at maximum as V 2 . The large-voltage behavior of S eph is then given by the leading terms of S ba
This result can be fully understood in terms of a semiclassical mechanism related to slow fluctuations of the phonon occupation. The fluctuating occupation number N (t) of a weakly driven oscillator is described by the master equation dP n (t)/dt = γ ↓ [(n + 1)P n+1 (t) − nP n (t)] + γ ↑ [nP n−1 (t) − (n + 1)P n (t)] for the probabilities P n (t) that N (t) attains the value n at time t.
26 The nonequilibrium rates can be microscopically evaluated as (N + 1) . At large voltage the correction to the mean current due to e-ph coupling is given by
Since the relaxation time τ rel ∼ /(γ eph Ω) ≫ /Ω ≫ /eV is the longest time scale in the problem, the noise at large voltage can be estimated assuming the current to follow adiabatically the phonon occupation N (t),
. Putting everything together, we arrive at the microscopic result of Eq. (8) .
The same line of reasoning can be repeated for a general multilevel junction without the need of eWBA. We can thus generally conclude that at large voltage (i) the correction to noise due to e-ph coupling is dominated by the backaction term S ba and (ii) this term is directly related to the diffusion of the energy stored in the oscillator, which fluctuates slowly because of the randomness of the driving tunneling events. The typical frequency of these fluctuation τ for Ω ∼ 10meV, γ eph ∼ 0.01), so that S ba will play a relevant role in noise measurements in systems with weak phonon damping.
The backaction term S ba has also important consequences around the phonon emission threshold eV = Ω. In particular, it affects the inelastic noise signal ∆S ′ = ∂S ∂V eV =Ω + − ∂S ∂V eV =Ω − , which is a quantity of prime experimental interest defining the behavior of noise around the phonon emission threshold at low temperature. As an example, in the considered case of symmetrically coupled single-level junctions (in which ∆S ′ can be simply expressed in terms of the transmission of the junction) the full result for nonequilibrated phonons S av + S ba leads to ∆S ′ ∝ 24T 2 − 30T + 17/2, which changes sign at transmissions T 1,2 . = 0.434 and 0.816. This should be contrasted with the values T 1,2 . = 0.146 and 0.854, 7 valid for completely thermalized phonon.
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Finally, we have applied the eWBA multilevel results given in the supplemental material to the case of an atomic gold wire with unitary transmission and no external phonon damping, 25 as shown in Fig. 1 . Remarkably, including S ba more than doubles the noise above the phonon emission threshold as compared to the "static" contribution S av alone. For comparison we also plotted the noise in the case of fully thermalized phonons. An 25 This example clearly shows the need for taking into account the phonon backaction correction in order to properly describe the noise above the phonon emission threshold.
In conclusion, we have evaluated the full lowest-order expression for the current noise in the presence of an externally undamped phonon mode, identifying a purely nonequilibrium contribution due to the backaction of the heated phonon. At high voltage, this contribution dominates the noise and it can be fully understood in terms of slow fluctuations of the phonon occupation. Importantly, this nonequilibrium correction also modifies the quantum behavior of the noise around the phonon emission threshold and has, therefore, direct implications for ongoing experiments.
